In this paper we do a detailed χ 2 -analysis of the Super-Kamiokande(SK) atmospheric neutrino data under the assumptions of ν µ − ν τ oscillation and neutrino decay. For the latter we take the most general case of neutrinos with non-zero mixing and consider the possibilities of the unstable component in ν µ decaying to a state with which it mixes (scenario (a)) and to a sterile state with which it does not mix (scenario (b)). In the first case ∆m 2 (mass squared difference between the two mass states which mix) has to be > 0.1 eV 2 from constraints on K decays while for the second case ∆m 2 can be unconstrained. For case (a) ∆m 2 does not enter the χ 2 -analysis while in case (b) it enters the χ 2 -analysis as an independent parameter. In scenario (a) there is ∆m 2 averaged oscillation in addition to decay and this gets ruled out at 99.99% C.L. by the SK data. Scenario (b) on the other hand gives a reasonably good fit to the data for ∆m 2 ∼ 0.001 eV 2 .
Introduction
The recent data of Super-Kamiokande (SK) [1] have given a new impetus to the atmospheric neutrino problem and a possible interpretation in terms of neutrino oscillation. Moreover the high statistics of SK makes it possible to study the zenith-angle dependence of the neutrino flux from which one can conclude that the ν µ 's show signs of oscillation but the ν e events are consistent with the no-oscillation hypothesis. Independently the results from the reactor experiment CHOOZ disfavours the ν µ − ν e oscillation hypothesis [2] . On the other hand large angle ν µ − ν τ or ν µ − ν s (ν s being a sterile neutrino) solution continues to give a good fit to the data. Nevertheless effort has been on to try out other possibilities to explain the anomaly observed in SK and one among these is neutrino decay [3, 4] . In [3] it was shown that neutrino decay gives a poor fit to the data.
However they considered neutrinos with zero mixing. Barger et. al. considered the situation of neutrino decay in the general case of neutrinos with non-zero mixing angle [4] . They showed that the neutrino decay fits the L/E distribution of the SK data well. The ∆m 2 taken by them was > 0.1 eV 2 so that the ∆m 2 dependent term averages out. As pointed out in [4] such a constraint on ∆m 2 is valid when the unstable state decays into some other state with which it mixes. If however the unstable state decays into a sterile state with which it does not mix then there is no reason to assume ∆m 2 > 0.1 eV 2 .
In this paper we present our results of two-flavour ν µ − ν τ oscillation and neutrino decay solutions to the atmospheric neutrino problem by doing χ 2 -fit to the sub-GeV and multi-GeV Super-Kamiokande data. For the neutrino decay analysis we take the most general case of neutrinos with non-zero mixing and consider two pictures • ∆m 2 > 0.1 eV 2 (scenario (a))
• ∆m 2 unconstrained (scenario (b))
We also explicitly demonstrate the behavior of the up-down asymmetry parameters [5, 6] in both scenarios.
Our analysis shows that scenario (a) is ruled out at 99.99% C.L by the SK data. However if we remove the constraint on ∆m 2 and consider the possibility of decay into a sterile state then one can get an acceptable fit for ∆m 2 ∼ 0.001eV 2 and sin 2 2θ large.
The plan of the paper is as follows. In section 2 we present our results for two-generation ν µ − ν τ oscillation analysis. In section 3.1 we present our results for the neutrino decay solution constraining ∆m 2 to be > 0.1eV 2 . In section 3.2 we do a three parameter χ 2 analysis by removing the constraint on ∆m 2 . In section 4 we perform a comparative study of the three cases and indicate how one can distinguish experimentally between the scenario (b) and the ν µ − ν τ oscillation case though both give almost identical zenith-angle distribution.
ν µ − ν τ oscillation
In the two-flavour picture the probability that an initial ν l of energy E remains a ν l after traveling a distance L in vacuum is
where θ is the mixing angle between the two neutrino states in vacuum and λ osc is the oscillation wavelength defined as,
where ∆m 2 denotes the mass squared difference between the two mass eigenstates. The expected number of l (e or µ) like 1 ring events recorded in the detector in presence of oscillations is given by
n T denotes the number of target nucleons, E is the neutrino energy, E l is the energy of the final charged lepton, ψ is the angle between the incoming neutrino ν l and the scattered lepton l, ξ is the zenith angle of the neutrino and φ is the azimuthal angle corresponding to the incident neutrino direction (the azimuthal angle relative to the ψ has been integrated out). The zenith angle of the charged lepton is then given by cos Θ = cos ξ cos ψ + sin ξ cos φ sin ψ (4) d 2 F l /dEd cos ξ is the differential flux of atmospheric neutrinos of type ν l , d 2 σ l /dE l d cos ψ is the differential cross section for ν l N → lX scattering and ǫ(E l ) is the detection efficiency for the 1 ring events in the detector. The efficiencies that were available to us are not the detection efficiencies of the charged leptons but some function which we call ǫ(E) defined as [7] ǫ
P ν l ν l is the survival probability of a neutrino flavour l after traveling a distance L given by,
R e being the radius of the earth and h is the height of the atmosphere where the neutrinos are produced. We use the atmospheric neutrino fluxes from [8] . For the sub-GeV events the dominant process is the charged current quasi-elastic scattering from free or bound nucleons. We use the cross-sections given in [9] . The events in multi-GeV range have contributions coming from quasi-elastic scattering, single pion production and multi pion production and we have used the cross-sections given in [10] . For the multi-GeV events we assume that the lepton direction Θ is the same as the incoming neutrino direction ξ. But actually they are slightly different. We simulate this difference in the zenith angles by smearing the angular distribution of the number of events with a Gaussian distribution having a one sigma width of 15 o for µ type events and 25 o for the e type events [11] . For the sub-GeV events, difference in direction between the charged lepton and the neutrinos are exactly taken care of according to eq. (3) and (4).
To reduce the uncertainty in the absolute flux values the atmospheric neutrino measurements are usually presented in terms of the double ratio
where MC denotes the Monte-Carlo simulated ratio. Different calculations agree to within better than 5% on the magnitude of this quantity. We use a similar quantity R, where
The quantities N e,µ are the numbers of e-like and µ-like events, as per eq. use the parameter Y defined in [6] ,
Here N −0.2 l denotes the number of l-type events produced in the detector with zenith angle cos Θ < −0.2, i.e. the upward neutrino events while N +0.2 l denotes the number of l-type events for cos Θ > 0.2 i.e. events coming from downward neutrinos. The central bin has contributions from both upward and downward neutrinos and is not useful for studying the up-down asymmetry.
We minimize the χ 2 function defined as [6] 
where the sum is over the sub-GeV and multi-GeV cases. The experimentally observed rates are denoted by the superscript "exp" and the theoretical predictions for the quantities are labeled by "th". ∆R exp is the error in R obtained by combining the statistical and systematic errors in quadrature. ∆Y exp corresponds to the error in Y . For this we take only the statistical errors since these are much larger compared to the systematic errors. We include both the e-like and the µ-like up-down asymmetries in the fit so that we have 4 degrees of freedom (6 experimental data -2 parameters) for the oscillation analysis in the two parameters ∆m 2 and sin 2 2θ.
The use of these type of ratios for the χ 2 analysis test has been questioned in [12] because the error distribution of these ratios is non-Gaussian in nature. The alternative is to use the absolute number of e or µ type events taking into account the errors and their correlations properly [11, 13] . However as has been shown in [6] the use of the R's and Y 's as defined above is justified within the 3σ region around the best-fit point for a high statistics experiment like SK and provides an alternative way of doing the χ 2 -analysis. The advantage of using the ratios is that they are relatively insensitive to the uncertainties in the neutrino fluxes and cross-sections as the overall normalization factor gets canceled out in the ratio. The data that we have used are shown in Table 1 which corresponds to the 535 days of data [14]. For the 2 flavour ν µ −ν τ oscillation the χ 2 -minimum that we get is 4.25 with the best-fit values as ∆m 2 = 0.005 eV 2 and sin 2 2θ = 1.0. This provides a good fit to the data being allowed at 37% C.L. In fig. 1 we show the 90% C.L. (χ 2 ≤ χ 2 min + 4.61) and the 99% C.L. (χ 2 ≤ χ 2 min + 9.21) allowed region in the (∆m 2 , sin 2 2θ ) plane for the ν µ − ν τ oscillation hypothesis. The allowed regions agree well with that obtained by other groups [6, 11] .
Neutrino decay
The neutrino decay hypothesis assumes that there is an unstable component in ν µ (say ν 2 ) which decays into one of the lighter states (say ν 3 ). Experimental considerations constrain ν e to decouple from ν 2 and it's decay partners, so that
From (12) the survival probability of the ν µ of energy E, with an unstable component ν 2 , after traveling a distance L is given by,
where λ d is the decay length (analogous to the oscillation wavelength given by eq. (2)) defined as,
and α = m 2 /τ 0 , m 2 being the mass of the state ν 2 and τ 0 the decay lifetime. The λ osc appearing in eq. (13) is the wavelength of oscillations as defined in eq. (2) with ∆m 2 = m 2 2 − m 2 3 .
If the unstable component in the ν µ state decays to some other state with which it mixes then bounds from K decays imply ∆m 2 > 0.1eV 2 [15] . In this case the cos(2πL/λ osc ) term averages to zero and the probability becomes
In figs. 2 and 3 we show the variation of R and Y with α for various values of sin 2 θ for the sub-GeV and multi-GeV cases. For higher values of α, the decay length λ d given by eq. (14) is low and the exponential term in the survival probability is less implying that more number of neutrinos decay and hence R is low. As α decreases the decay length increases and the number of decaying neutrinos decreases, increasing R. For very low values of α the exponential term goes to 1, the neutrinos do not get the time to decay so that the probability becomes 1 − 1 2 sin 2 2θ and remains constant thereafter for all lower values of α. This is to be contrasted with the ν µ − ν τ oscillation case where in the no oscillation limit the sin 2 (πL/λ osc ) term → 0 and the survival probability → 1. For multi-GeV neutrinos since the energy is higher the λ d is higher and the no decay limit is reached for a larger value of α as compared to the sub-GeV case. This explains why the multi-GeV curves become flatter at a lower α. The behavior of the up-down asymmetry parameter is also completely different from the only oscillation case [16] . In particular the plateau obtained for a range of ∆m 2 which was considered as a characteristic prediction for up-down asymmetries is missing here. For the decay case even for α as high as 0.001 eV 2 , the decay length λ d = 2500 (E/GeV ) km so that the exponential term is 1, there is almost no decay for the downward neutrinos and the survival probability is P = 1 − 1 2 sin 2 2θ while the upward going neutrinos have some decay and so Y is less than 1. As α decreases, the λ d increases, and the fraction of upward going neutrinos decaying decreases and this increases Y . For very small values of α even the upward neutrinos do not decay and Y → 1 being independent of θ.
We also perform a χ 2 analysis of the data calculating the "th" quantities in (10) for this scenario. The best-fit values that we get are α = 0.28 × 10 −4 in eV 2 and sin 2 θ = 0.08 with a χ 2 min of 31.71. For 4 degrees of freedom this solution is ruled out at 99.99% C.L.. We have marked the R and Y corresponding to the best-fit value of the parameters α and sin 2 θ in figs.
2 and 3. It can be seen that the best-fit value of R for the sub-GeV neutrinos is just below and that for the multi-GeV neutrinos is just above the ±1σ allowed band of the SK 535 days of data.
The up-down asymmetry parameter Y is quite low for the sub-GeV neutrinos and extremely high for the multi-GeV neutrinos as compared to that allowed by the data. The fig. 2 shows that for the sub-GeV neutrinos the data demands a lower value of α while from fig. 3 we see that the multi-GeV neutrinos need a much higher α to explain the SK data. In this scenario, decay for the sub-GeV upward neutrinos is more that that for the multi-GeV upward neutrinos (downward neutrinos do not decay much) and as a result Y for sub-GeV is lower than the Y for multi-GeV, a fact not supported by the data. It is not possible to get an α that can satisfy both the sub-GeV and the multi-GeV SK data, particularly it's zenith angle distribution.
In fig. 4 we show the 90% and 99% C.L. allowed region in the α -sin 2 2θ plane for the neutrino decay (∆m 2 > 0.1 eV 2 ) solution.
∆m 2 unconstrained
In this section we present the results of our χ 2 -analysis removing the constraint on ∆m 2 . This case corresponds to the unstable neutrino state decaying to some sterile state with which it does not mix [4] . The probability will be still given by eq. (13).
In fig. 5 and 6 we plot the R vs. ∆m 2 and Y vs. ∆m 2 for the sub-GeV and multi-GeV data for this case and compare with the curves obtained for the best-fit value of the only oscillation case. The characteristic plateau in the up-down asymmetry parameter between 0.01 and 0.001 eV 2 as obtained for only oscillation case [6] is present here also. For the best-fit value of α that we get, the downward neutrinos do not have time to decay while the upward neutrinos undergo fast decay. For high values of ∆m 2 both downward and upward neutrinos oscillate and only the upward neutrinos decay. As ∆m 2 decreases less number of downward neutrinos oscillate while the number of decaying neutrinos remain constant. For 0.01 -0.001 eV 2 the downward neutrinos do not convert so that Y remains constant with ∆m 2 . Beyond 0.001 eV 2 the upward neutrinos also stop oscillation but the decay continues in the same rate for a fixed α so that both R and Y remains constant over ∆m 2 . The behavior in the range 0.001 -0.0001 eV 2 is different from the only oscillation case where for 0.0001 eV 2 both upward and downward neutrinos stop oscillating making the Y nearly 1 [6] .
We perform a χ 2 minimization in the three parameters ∆m 2 , sin 2 2θ and α. The best-fit values that we get are ∆m 2 = 0.002eV 2 , sin 2 2θ = 0.87 and α = 0.0023eV 2 . The χ 2 minimum that we get is 4.14 which is an acceptable fit being allowed at 24.67% C.L.. In fig. 7 we show the 90% and 99% C.L. allowed parameter region in the ∆m 2 -sin 2 2θ plane for a range of values of the parameter α. In fig. 8 we show the 90% and 99% C.L. contours in the α -sin 2 2θ plane fixing ∆m 2 at different values. These contours are obtained from the definition χ 2 ≤ χ 2 min + ∆χ 2 , with ∆χ 2 = 6.25 and 15.5 for the three parameter case for 90% and 99% C.L. respectively. The top left panel in fig 7 is for the best-fit value of α. We note that in this case no lower limit is obtained on ∆m 2 , a feature which was also apparent in the R vs ∆m 2 and Y vs ∆m 2 curves. As we decrease α the allowed parameter region shrinks and finally for α = 0 we get the two parameter limit modulo the small difference in the C.L. definitions for the two and three parameter cases.
The lower left panel of fig. 8 corresponds to the best-fit value of ∆m 2 . For very low α, even though there is no decay, we still have oscillations and that ensures that when ∆m 2 is large enough there is no lower bound on α as evident in the fig. 8 . For ∆m 2 = 10 −4 eV 2 the neutrinos stop oscillating and hence we get a lower bound on α beyond which the depletion in the neutrino flux is not enough to explain the data.
The best-fit α that we get is two orders of magnitude higher than the previous case with ∆m 2 > 0.1eV 2 . However one can get reasonably good fits even for lower values of α. In fig. 9 we show the χ 2 − χ 2 min vs. α with ∆m 2 and sin 2 2θ unconstrained. The minimum χ 2 is obtained for α = 0.0023eV 2 . Beyond this the χ 2 increases very rapidly. However lower values of α are still allowed and gives a χ 2 very close to the χ 2 min . The best-fit value of α in this picture corresponds to a ν 2 lifetime of τ 0 = m 2 eV × 2.89 × 10 −13 sec (16)
Comparison and Conclusion
In fig. 10 we show the histogram of the muon event distributions for the sub-GeV and multi-GeV data under the assumptions of ν µ − ν τ oscillation, and the two scenarios of neutrino decay for the best-fit values of the parameters.
The neutrino decay is an interesting idea as it can preferentially suppress the upward ν µ flux and can cause some up-down asymmetry in the atmospheric neutrino data. However the intrinsic defect in the decay term exp(−αL/E) is that one has more decay for lower energy neutrinos than for the higher energy ones. Thus neutrino decay by itself fails to reproduce the observed data At this value of α the e −αL/E term tends to 1 for the downward going neutrinos signifying that they do not decay much. The survival probability goes to (1 − 1 2 sin 2 2θ) which is just the average oscillation probability. In order to suppress this average oscillation the best-fit value of sin 2 θ comes out to be small in this picture. For the upward going neutrinos in scenario (a) there will be both decay and average oscillations. If one had only average oscillation then the probability would have stayed constant for a fixed value of the mixing angle θ. But because of the exponential decay term the survival probability drops very sharply as we go towards cos Θ=-1.0. The drop and hence the decay is more for lower energy neutrinos. As a result the sub-GeV flux gets more depleted than the multi-GeV flux, a fact not supported by the data. The small mixing signifies that the ν µ has a large fraction of the unstable component ν 2 (see eq. (12)). Hence the constant α comes out to be low so that the decay rate is less to compensate this. However even at the best-fit α of 0.28 ×10 −4 eV 2 the survival probability in the bin with cos Θ between -1.0 to -0.6 comes out to be 0.22 for E=1 GeV, much lower than the value of ∼ 0.5 as required by the data.
Thus scenario (a) fails to explain the upward going neutrino data properly because of two main reasons • θ is low in order to suppress the average oscillations • the energy dependence of the exponential decay term is in conflict with the data In the scenario (b) the unstable component in ν µ decays to some sterile state with which it does not mix. There are also some conversions to ν τ because of mixing. In this case there is no restriction on ∆m 2 and it enters the χ 2 fit as an independent parameter. The best-fit ∆m 2 is now 0.002eV 2 and there is no oscillation of the downward neutrinos so that the cos(2πL/λ osc ) term goes to 1. At the best-fit values of the parameters the decay term also goes to 1 signifying that there is not much decay either for the downward neutrinos and the survival probability is ≈ 1 without requiring the mixing angle to be low. A larger θ ensures that the unstable component ν 2 in the initial ν µ beam is small and so the α and hence the decay rate of the upward neutrinos can be large. The best-fit occurs for α = 0.0023eV 2 for which the e −αL/E is ≈ 0 for both the sub-GeV and the multi-GeV upward neutrinos and the survival probability is ≈ sin 4 θ (= 0.49 at the best-fit value). Because the decay term effectively goes to zero for the upward going neutrinos its wrong energy dependence does not spoil the fit and thus this scenario can give almost energy independent suppression of the upward going neutrinos which is more or less consistent with data.
In this case, at the best-fit values, we have λ d < λ osc ≤ L for the upward neutrinos. Thus the upward neutrinos can oscillate in principle. But the decay occurs at a faster rate because the decay length λ d < λ osc and the exponential term ≈ 0 implying that all the neutrinos decay even before a single oscillation is complete. There are some conversion of ν µ to ν τ due to mixing with the conversion probability
which is 0.22 at the best-fit value of sin 2 2θ .
In fig. 10 we also plot the event distribution in scenario (a) taking the best-fit values of θ and α as obtained in scenario (b) to facilitate our comparison. For the upward going neutrinos the exponential term is now zero and the survival probability is now independent of energy and is approximately 0.5 at the best-fit value. However for the downward events the exponential term is 1 corresponding to no decay but now the average oscillation probability is ≈ 0.58, being close to the value of 0.5 for the upward going events. Thus the ∆m 2 > 0.1 eV 2 case cannot reproduce the observed up-down asymmetry even if the mixing angle or α is high.
The fig. 10 shows that the zenith angle dependence of the scenario (b) is almost similar to the case of ν µ − ν τ oscillation. But the two cases are very different in principle. For the oscillation case a larger θ implies a larger conversion whereas in scenario (b) a larger θ means the fraction of the unstable component is less in ν µ and the depletion is less. In scenario (b) even though there are some conversion to ν τ because of mixing there are no oscillation effects as such at the best-fit values. If one compares the conversion probability as given by eq.(17) with the one for the ν µ −ν τ oscillation case, then the scenario (b) considered in this paper would have much smaller number of ν τ s in the resultant flux at the detector and the two cases might be distinguished when one has enough statistics to detect τ appearance in Super-Kamiokande [17] .
In conclusion, for the general case of neutrinos with non-zero mixing if the unstable component in the ν µ state decays to a state with which it mixes the ∆m 2 has to be > 0.1 eV 2 [4, 15] and this scenario does not give a good-fit to the SK data. If however the unstable component in ν µ decays to some other sterile state with which it does not mix then the above restriction on ∆m 2 can be evaded and this scenario gives a good fit to the data for ∆m 2 ≈ 0.001 eV 2 .
Note added: When this work was in progress we saw the paper [18] in which a χ 2 -analysis of the neutrino decay hypothesis (assuming ∆m 2 > 0.1eV 2 ) is performed. Our results are in agreement with theirs. Of course since they use the absolute number of events in their analysis rather than the ratios as well as the upward going muon data the number of degrees of freedom and hence the absolute values of the χ 2 min are different. However we confirm their result by using a different procedure of χ 2 analysis using the ratio of ratios and the up-down asymmetry The solid line is the area allowed at 90% C.L. and the dashed line shows the area allowed at 99% C.L. The best-fit point is shown. C.L. and 99% C.L. respectively. Fig. 9 . The ∆χ 2 = χ 2 − χ 2 min vs. α for ∆m 2 and sin 2 2θ unconstrained. Fig. 10 . The sub-GeV and multi-GeV µ event distributions vs. zenith angle for the various scenarios considered. N µ is the number of µ events as given by eq. (3) and N µ0 is the corresponding number with survival probability 1. The solid line corresponds to the best-fit ν µ − ν τ oscillation solution, the long dashed line is for the best-fit neutrino decay hypothesis for scenario (a) and the short dashed line for the best-fit neutrino decay for scenario (b). The dotted line shows the case of scenario (a) with α and sin 2 2θ corresponding to the best-fit values obtained in scenario 
